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We discuss the options for parity assignments in (on-shell) N = 2 five-dimensional Yang-Mills-
Einstein supergravity theories (YMESGTs) coupled to tensor and hypermultiplets on the orbifold
spacetime M4 × S
1/Z2. Along the lines of orbifold-GUTs, we allow for general breaking of the
five-dimensional gauge group at the orbifold fixed points. We then extend the discussion to the case
where the orbifold is S1/(Z2 ×Z2). We do not presume the existence of fields with support only at
fixed points. As in the familiar case of (rigid) super-Yang-Mills theories on such orbifolds, only bulk
hypermultiplets can lead to chiral multiplets in complex representations of the gauge group on the
boundaries. Massless chiral multiplets coming from bulk vector or tensor multiplets can potentially
be used as Higgs supermultiplets, though a “doublet-triplet” splitting via parity assignments is
not available for the tensor sector. We also find parity assignments for objects other than fields
that appear in the Lagrangian, which will partially determine the structure of interactions of the
boundary theories. Assigning odd parities to the scalar sector of vector/tensor multiplets requires
the four-dimensional boundary moduli spaces to lie on the boundary of the classical Ka¨hler cone,
which corresponds to collapsed Calabi-Yau 2-cycles at the orbifold fixed points in a compactification
of eleven-dimensional supergravity. There is an ambiguity in how to effect odd parity for the field-
independent CIJK tensor of the 5D theory, which may admit a classical interpretation as Calabi-Yau
4-cycles collapsing to either 2- or 0-cycles.
PACS numbers:
I. INTRODUCTION
Phenomenological field-theoretic model building has
recently refocused on scenarios in which the universe
appears higher-dimensional above some energy scale to
examine new electroweak and supersymmetry breaking
schemes [1] and new strong-electroweak unification sce-
narios [2]. In [3], it was pointed out that the estimated
scale of strong-electroweak unification was around the en-
ergy scale where a Kaluza-Klein type universe may not
be able to be approximated by a 4D theory, in which
case grand unification would occur in higher dimensions.
In [4], it was suggested that the size of an extra dimen-
sion could be much larger (TeV scale) within the frame-
work of perturbative string theory (one of the motiva-
tions was to tie this scale to the N = 1 supersymme-
try breaking scale). Subsequently, the Horava-Witten
(HW) scenario [5] and Randall-Sundrum (RS) scenar-
ios [6] served as the most recent revival of interest in
intermediate scale five-dimensional spacetimes in which
the ground state spacetime is a singular space that is iso-
morphic to a spacetime with boundaries. In particular,
the “orbifold” spacetime M4 × S1/Γ (upstairs picture)
corresponds to a manifold with two boundaries separated
by a 5D bulk (downstairs picture). This spacetime can
resolve a number of issues in the supersymmetric Stan-
dard Model and supersymmetric Grand Unified Theories
∗Electronic address: sean@phys.psu.edu
(GUTs).
Since an orbifold spacetime is singular, field theories
are not well-defined on it, which requires some further
interpretation (in the downstairs picture, the boundary
is sharp). Supergravity admits solitonic solutions that
could ultimately be interpreted as the boundaries of these
theories; these solutions are domain walls with some
thickness, smoothing out the singular nature of sharp
boundaries. Supergravity in orbifold scenarios is inter-
esting for other reasons: as the familiar argument goes,
the gauge couplings in supersymmetric versions of the
Standard Model unify [7] at a scale close to the scale at
which quantum gravitational effects are expected to be
non-negligible. Since there is a significant interpolation
involved in these suggestive results, one might look for
unification of gauge and gravitational couplings. There-
fore, the next step in bottom-up model building is to
consider supergravity versions of the interesting scenar-
ios.
Orbifold constructions have been performed many
times in the literature for both rigidly and locally su-
persymmetric field theories; for examples of the former,
see [1, 2]; for the latter, see [8–12]. The generic result is a
theory with 4D boundaries with 1/2 supersymmetry and
broken gauge group; the low energy description is a 4D ef-
fective theory for each boundary. However, a systematic
classification of the types of boundary conditions avail-
able via parity assignments has not been performed for
Yang-Mills-Einstein supergravity theories (YMESGTs)
coupled to vector, hyper-, and tensor multiplets (usu-
ally, orbifold supergravity theories are considered in the
2context of HW or (original) RS type scenarios in which
the Standard Model gauge, and sometimes matter, fields
are supported only on the boundaries). In this paper, we
aim to provide a more complete list of options, includ-
ing a careful look at the tensor sector, for the low energy
spectrum via parity assignments in the simple case of the
S1/Z2 orbifold. We do not presume boundary-localized
field content, which would follow from the appropriate
coupling of 3-branes on the orbifold fixed-planes (or other
massless fields arising in an M-theoretic framework). We
will then extend our results to the case S1/(Z2 × Z2).
Some of the results are generic to theories with super-
Yang-Mills coupled to hypermultiplets, while others are
unique to supergravity. While orbifold-GUTs are a main
motivation, the results are not restricted to these scenar-
ios. As a novel example of 5D GUT in the framework of
supergravity, we illustrate some of the parity assignments
using an SU(5, 1) gauging.
In the next section, we will make generic remarks
about field theory on orbifolds. In section III, we list
the N = 1 supermultiplets that have propagating modes
on the orbifold fixed planes of the spacetimeM4×S1/Z2,
as dictated by consistent Z2-parity assignments. We
first discuss the pure Yang-Mills-Einstein and hyper-
multiplet sectors in turn. The tensor sector, discussed
in section III C, is subtler and has not been discussed
in the literature much. In section IV, we list the Z2-
parity assignments for objects other than fields appearing
in the Lagrangian; in particular, spacetime- and field-
independent quantities may be assigned odd parities,
without the need to assume that there is a formulation
of the theory in which an odd-parity field is responsible
for this. In section VI, we extend the results to the case
in which the fifth dimension is S1/(Z2 × Z2), which can
be more phenomenologically interesting. We end with
conclusions (section VII) and some future directions (sec-
tion VIII). Appendix A contains some conventions used
in this paper, while appendix B contains a discussion of
the fermionic parity assignments.
II. SUPERGRAVITY ON S1/Γ
In modeling five-dimensional spacetimes with four-
dimensional boundaries, we can choose a particular con-
struction using a spacetime of the formM4×S1/Γ, where
Γ is a discrete group that acts non-freely on the circle [32].
The orbifoldM4×S1/Γ, which has two 4D fixed planes,
is isomorphic to a groundstate spacetimeM4×I, where
I is a closed interval so that this is a spacetime with
two disjoint 4D boundaries. Instead of considering the
5D theories with these spacetime boundaries (the down-
stairs picture), it is often convenient to compactify the
5D theory on S1, followed by assignment of Γ-parities to
quantities in the theory (the upstairs picture). Since the
Lagrangian (density) must be even under Z2, there are
constraints on the relative parities of the fields and other
objects. Further constraints are imposed by the con-
sistency of local coordinate transformations, supersym-
metry transformations and gauge transformations. The
choice of Γ reflects different classes of boundary condi-
tions from the downstairs point of view. We will first
consider the simplest case Γ = Z2, which results in a the-
ory with equivalent spectra and interactions at the two
Γ fixed points.
The choice of the way Z2 acts on quantities in the the-
ory reflects a particular set of consistent boundary condi-
tions. The Z2 acts as reflections on the S
1 covering space
[−πR, πR] (where {−πR} ≡ {πR}), with fixed points at
{0}, {πR}. To leave the spaceM4×S1/Z2 invariant un-
der this action, the coordinate functions, basis vectors,
basis 1-forms, and metric components have
P (xµ; ∂µ; dx
µ) = +1 P (x5; ∂5; dx
5) = −1
P (gˆµν ; gˆ 55) = +1 P (gˆµ5) = −1,
where P (Φ) denotes the Z2 parity of the object Φ. The
fixed planes are non-oriented.
Fields carrying internal quantum numbers are sections
of a fiber bundle, with spacetime being the base space. In
such a situation, it makes sense for the action of Z2 to be
lifted from the base space to the total space [13]. There
are a number of ways to perform this lift, corresponding
to various classes of boundary conditions. Just as the Z2
action on the covering space S1 results in a singular space
S1/Z2, the Z2 action on the total space will, in general,
change the structure of the fibers over the base space.
Objects other than fields appearing in the Lagrangian
generally carry representation indices of the gauge group.
Such quantities are structures appearing in the gauge
bundle, and are therefore generally affected by modifica-
tions of the gauge bundle resulting after Z2 action (even
if they are field independent). This gives meaning to
assigning these objects Z2 parities.
Although physical states onM4×S1/Z2 must be even
under Z2-action, the field operators can carry even or
odd parity. We will take the expansion of an odd parity
field on the orbifold to have an nth term of the form
Φ
(n)
− (x
µ, x5) =AnΦ
(n)
− (x
µ) sin(nx5/R)
+ BnΦ
(n)
− (x
µ)ǫ(x5) cos(nx5/R),
(1)
where ǫ(x5) is +1 for (−πR, 0) and −1 for (0, πR); the
Φ
(n)
− (x
µ) are even; and An, Bn are normalization factors.
To avoid δ 2 factors in the Lagrangian (δ being the
Dirac distribution), bosonic fields cannot have ǫ(x5) fac-
tors in the above expansion. Therefore, we impose the
condition Bn = 0 for odd bosonic fields, which therefore
vanish on the orbifold fixed planes.
On the other hand, the equations of motion and ki-
netic terms for fermionic fields involve a single derivative,
so ǫ(x5) factors are allowed (they will give rise to δ(x5)
factors in the equations of motion and upstairs picture
Lagrangian). Therefore, fermionic fields on S1/Z2 are
not well-defined on the upstairs picture fixed planes.
Odd-parity field-independent objects CI1...InJ1...Jn carry-
ing gauge indices can generally be redefined as either
3ǫ(x5)CI1...InJ1...Jn or κ(x
5)CI1...InJ1...Jn , where C
I1...In
J1...Jn
now has
even parity, and κ(x5) is
κ(x5) =


0 for x5 = −πR
−1 for − πR < x5 < 0
0 for x5 = 0
+1 for 0 < x5 < πR
(2)
However, consistency may require one or the other.
III. SUPERMULTIPLETS APPEARING IN
Γ = Z2 CASE
A. Pure Yang-Mills-Einstein supergravity
An N = 2 5D Maxwell-Einstein supergravity theory
(MESGT) [14] consists of a minimal supergravity multi-
plet and nV vector supermultiplets. The total field con-
tent is
{emˆµˆ ,Ψiµˆ, AIµˆ, λi p˜, φx˜},
where I = (0, 1, ..., nV ) labels the graviphoton and vec-
tor fields from the nV vector multiplets; i = (1, 2) is an
SU(2)R index; and p˜ = (1, ..., nV ) and x˜ = (1, ..., nV )
label the fermions and scalars from the nV vector mul-
tiplets. The scalar fields parametrize an nV -dimensional
real Riemannian manifold MR, so the indices p˜, q˜, . . .
and x˜, y˜, . . . may also be viewed as flat and curved in-
dices of MR, respectively. The supersymmetry parame-
ters ǫi, the gravitini Ψiµ, and the spin-1/2 fields λ
p˜ i are
5D symplectic-Majorana spinors (see appendix A), which
can be written in 2-component spinor notation as
ǫ1 =
(
η
eζ∗
)
ǫ2 =
(
ζ
−eη∗
)
Ψ1µ =
(
αµ
eβ∗µ
)
Ψ2µ =
(
βµ
−eα∗µ
)
(3)
λp˜ 1 =
(
δp˜
eγp˜ ∗
)
λp˜ 2 =
(
γp˜
−eδp˜ ∗
)
.
Introducing (nV + 1) parameters ξ
I(φ) depending on
the scalar fields, we define a cubic polynomial V(ξ) =
CIJKξ
IξJξK , where CIJK is a constant rank-3 sym-
metric tensor. This polynomial determines a symmetric
rank-2 tensor
aIJ(ξ) = −1
3
∂
∂ξI
∂
∂ξJ
lnV(ξ).
The parameters ξI can be interpreted as coordinate func-
tions for an (nV +1)-manifold, called the ambient space.
The tensor aIJ , which may have indefinite signature, de-
fines a metric on this space. However, the coordinates
are restricted via V(ξ) > 0 so that the metric is positive
definite, which means that the manifold is Riemannian.
The equation V(ξ) = k (k ∈ R+) defines a family of real
hypersurfaces, and in particular
V(ξ) = 1 (4)
defines a real nV -manifold corresponding to the scalar
manifold MR. The functions hI and hIx˜ that appear in
fermionic terms of the Lagrangian and susy transforma-
tions are directly proportional to ξI |V=1 and ξI,x˜|V=1, re-
spectively; the hI are essentially embedding coordinates
of MR in the ambient space. In [14], it was shown that,
when (4) holds, the CIJK may be put in the “canonical
form”
C000 = 1, C0ij = −1
2
δij ,
C00i = 0, Cijk = arbitrary,
(5)
where I = (0, i), i = 1, . . . , nV . We denote the restriction
of the ambient space metric to MR as
◦
aIJ= aIJ |V=1.
The metric of the scalar manifold is then the pullback of
the restricted ambient space metric to MR:
gx˜y˜ =
3
2
◦
aIJ h
I
,x˜h
J
,y˜.
Both of these metrics are positive definite due to the
constraint V > 0.
The CIJK tensor completely determines the MESGT
Lagrangian [14]. Therefore, the global symmetry group
of the Lagrangian is given by the symmetry group, G,
of this tensor, along with automorphisms of the N = 2
superalgebra; that is, the symmetry group of the La-
grangian is G× SU(2)R. Since G consists of symmetries
of the full Lagrangian, they are symmetries of the scalar
sector in particular, and therefore isometries of the scalar
manifoldMR: G ⊂ Iso(MR) (the SU(2)R action is triv-
ial on the scalars). The full Lagrangian, however, is not
necessarily invariant under the full group Iso(MR).
A subgroup K ⊂ G may then be gauged if nV + 1 ≥
dim[K]. The vector fields decompose into
nV + 1 = adj(K)⊕ non-singlets(K)⊕ singlets(K).
Under infinitesimal K-transformations parametrized by
αI , the bosonic fields transform as:
δαA
I
µˆ = −
1
g
∂µˆα
I + αJf IJKA
K
µˆ
δαφ
x˜ = αIK x˜I ,
(6)
where K x˜I are a set of nV Killing vectors on the scalar
manifold parametrized by the φx˜; and f IJK and α
I vanish
if any index corresponds to a spectator vector field [33].
Now the CIJK must be a rank-3 symmetric invariant
of K. If K is compact, then only Cijk (see (5)) must be a
4rank-3 symmetric invariant. The 5D bosonic YMESGT
Lagrangian is [14]
eˆ−1Lbos =
− 1
2
Rˆ− 1
4
◦
aIJ FIµˆνˆFJ µˆνˆ −
1
2
gx˜y˜Dµˆφ
x˜Dµˆφy˜
+
eˆ−1
6
√
6
CIJKǫ
µˆνˆρˆσˆλˆ{F IµˆνˆF JρˆσˆAKλˆ
+
3
2
gF IµˆνˆA
J
ρˆ (f
K
LMA
L
σˆA
M
λˆ
)
+
3
5
g2(fJGHA
G
νˆ A
H
ρˆ )(f
K
LFA
L
σˆA
F
λˆ
)AIµˆ},
(7)
where hats indicate five-dimensional quantities and eˆ is
the determinant of the fu¨nfbein. The AIµ are abelian
vector fields and [34]
F Iµˆνˆ ≡ 2∂[µˆAIνˆ]
FIµˆνˆ ≡ F Iµˆνˆ + 2gAI[µˆAJνˆ]
Dµˆφ
x˜ ≡ ∂µˆφx˜ + gK x˜IAIµˆ.
The supersymmetry transformations of the bosonic fields
are
δeˆmˆµˆ =
1
2
ǫ¯iΓmΨµ i
δAIµˆ =−
1
2
hIp˜ǫ¯
iΓµλ
p˜
i +
i
√
6
4
hI ˆ¯Ψiµˆǫi
δφx˜ =
i
2
f x˜p˜ ǫ¯
iλp˜i ,
(8)
where the f x˜p˜ are nV -bein of the real scalar manifoldMV .
Dimensional reduction of 5D N = 2 YMESGT
In the “upstairs” orbifold construction, one starts with
a 5D theory, and compactifies on S1. It is sufficient for
our purposes to use the dimensionally reduced theory,
consisting of those fields satisfying ∂5Φ = 0. The dimen-
sional reduction breaks the 5D local Lorentz invariance
to a 4D local Lorentz invariance. The four local symme-
tries that are broken can be used to fix four degrees of
freedom in the fu¨nfbein. Splitting µˆ = (µ, 5), we choose
the parametrization for the fu¨nfbein to be [14]
eˆmˆµˆ =
(
e−
σ
2 emµ 2e
σCµ
0 eσ
)
.
Since gˆµˆνˆ = eˆ
mˆ
µˆ eˆ
nˆ
νˆ ηmˆnˆ,
gˆµν =e
−σgµν + 4e
2σCµCν
gˆ5 5 =e
2σ
gˆµ 5 =2e
2σCµ.
(9)
Furthermore, let AIµˆ = (A
I
µ, A
I). Under infinitesimal lo-
cal coordinate transformations of the compact coordinate
parameterized by ξ5(xµ), the 4D fields AIµ and Cµ trans-
form as
δξ5A
I
µ = −∂µξ5AI
δξ5Cµ = −2∂µξ5,
(10)
with the remaining 4D bosonic fields being invariant.
One can interpret ξ5(xµ) as a parameter for local U(1)
transformations, for which Cµ is a gauge field. Note that
the vector fields AIµ transform non-trivially under these
U(1) transformations. To properly dimensionally reduce
the theory, one must make field redefinitions in order to
obtain U(1) (KK)-invariant fields
AIµ → AIµ + 2CµAI .
The dimensionally reduced bosonic Lagrangian be-
comes [15]
e−1LDR =− 1
2
R− 3
4
◦
aIJ Dµh˜
IDµh˜J − 1
2
e−2σ
◦
aIJ DµA
IDµAJ
− (1
2
e3σ + eσ
◦
aIJ A
IAJ )CµνC
µν − 1
4
eσ
◦
aIJ FIµνFµν J − eσ
◦
aIJ A
IFJµνCµν
+
e−1
2
√
6
CIJKǫ
µνρσ(AIFJµνFKρσ + 2AIAJFKµνCρσ +
4
3
AIAJAKCµνCρσ)
− g2P,
(11)
where h˜I ≡ eσhI , and
P ≡ 3
4
e−3σ
◦
aIJ (A
Kf IKLh
L)(AMfJMNh
N ), (12)
and
DµA
I ≡ ∂µAI + gAJµf IJKAK (13)
Dµh˜
I ≡ ∂µh˜I + gAJµf IJK h˜K (14)
Cµν ≡ 2∂[µCν]. (15)
5Just as AIµ was redefined to be KK-invariant, we make
the further redefinitions
Ψiµ → Ψiµ +Ψi5˙Cµ (16)
Γµ → Γµ + Γ5˙Cµ, (17)
so that Ψiµ and Γµ are now KK-invariant. The dimension-
ally reduced susy transformations of the bosonic fields are
δ′emµ =
1
2
ǫ¯iΓmΨ
(4)
µ i
δAIµ = −
1
2
hIp˜ǫ¯
iΓµλ
p˜
i +
1
2
ie−σΨ¯iµǫi(
√
6
2
h˜I + AI)
δAI = − 1
2
hIp˜ǫ¯
iΓ5˙λ
p˜
i +
√
6
4
iψ¯iǫih
I
δeσ =
1
2
ǫ¯iΓ5ψi
δCµ =
1
2
e−σ ǫ¯iΓ5Ψµ i
δφx =
i
2
fxa ǫ¯
iλai ,
(18)
where Ψiµˆ = (Ψ
i
µ, ψ
i); δ′ denotes the “bare” susy trans-
formation from five dimensions plus a local Lorentz trans-
formation to maintain the condition eˆm
5˙
= 0; and we have
identified the four-dimensional gravitini to be
Ψ
(4)
µ i ≡ enµ{Ψn i +
1
2
(Γn)−1Γ5Ψ5 i}. (19)
The dimensionally reduced Lagrangian can be written in
terms of a Ka¨hler scalar manifold with complex scalars
zI ≡ 1
3
AI +
i√
2
h˜I . (20)
More details of the dimensional reduction to 4D N = 2
supergravity can be found in [15].
Boundary propagating multiplets
It’s clear from appendix B that the action of Z2 on
the supersymmetry spinors ǫi necessarily requires half
of the components to be odd, so that the original eight
supersymmetry currents will be broken to four on the
boundaries, so that there is at most N = 1 susy there.
In terms of symplectic-Majorana spinors ǫi, the Z2 action
is represented as
−iΓ5ǫ1 and iΓ5ǫ2.
(The 4-component eigenspinors of the Z2 action are linear
combinations of the two symplectic-Majorana spinors.)
The zero mode susy parameters can be written in the
upstairs picture as (see table ?? in appendix B)
ǫ1 =
(
η
ǫ(x5)eζ∗
)
, ǫ2 =
(
ǫ(x5)ζ
−eη∗
)
,
and so don’t have a well-defined limit on the fixed-planes.
In the downstairs picture, on the other hand, fermions
will have a well-defined limit at the boundaries (see [8]
e.g.); the fields in (3) can be written at the boundaries
either as left-chiral fermions with their right-chiral con-
jugates:
λp˜ 1 =
(
δp˜
0
)
, λp˜ 2 =
(
0
−eδp˜ ∗
)
,
or right-chiral fermions with their left-chiral conjugates,
which we denote with a bar:
λ¯p˜ 1 =
(
0
eγp˜ ∗
)
, λ¯p˜ 2 =
(
γp˜
0
)
.
Assuming for simplicity that the only boundary-
propagating vector fields are gauge fields for the bulk
gauge group K, consistent parity assignments in the up-
stairs picture allow the following boundary multiplets in
the downstairs picture:
Multiplet Representation Type
{gµν , Ψµ} Kα singlet
{Aαµ, λρ i} adj[Kα] R
{λ¯p i, za} RV [K/Kα] R
{Ψ5˙, z0} Kα singlet
where we’ve split the index I = (0, α, a); x˜ = (x, χ); and
p˜ = (p, ρ). We have denoted the surviving gauge group
on the boundaries as Kα, and RV [K/Kα] is the repre-
sentation of the coset space elements. The value of n′ in
α = 1, . . . , n′ and a = (n′ + 1), . . . , (nV + 1) is arbitrary
for now, so there is complete freedom in choosing parities
for vector multiplets; we will consider this more carefully
in section V. The second to last multiplet consists of
a chiral multiplet in a real representation and its CPT
conjugate. The case in which there are K-singlet vector
fields propagating on the boundaries is straightforward.
What happens when a non-compact group is gauged
in five dimensions? If the non-compact gauge fields were
assigned even parity, then a non-compact gauge group
would appear in the 4D theory. However, there would
not be the proper degrees of freedom to give a ground
state with compact gauge symmetry since the scalar
degrees of freedom AI needed to form massive N = 1
vector multiplets must have odd parity. Therefore, the
non-compact gauge fields must be assigned odd parity.
We will then get N = 1 chiral multiplets in the coset
K/H , with H the maximal compact subgroup of K.
This is a novel way of obtaining a 4D Higgs sector, along
the lines of previous Higgs-gauge unifications in higher
dimensions [16], since there will be a distinct scalar
potential for these scalars.
B. Hypermultiplet couplings [17]
A colection of nH hypermultiplets in five dimensions
consist of 2nH fermions and 4nH real scalars, the lat-
ter parametrizing a quaternionic nH -manifold MQ with
6tangent space group USp(2nH)× SU(2)R. We write the
hypermultiplets as
{ζA, qX˜},
where X˜ = 1, . . . , 4nH are the curved indices of MQ;
and A = 1, . . . , 2nH are flat, USp(2nH) indices. The
4nH-bein f
X˜
iA relate scalar manifold curved and flat space
metrics
gX˜Y˜ f
X˜
iAf
Y˜
jB = ǫijCAB ,
where i, j = 1, 2 are SU(2)R indices. Note that, in
contrast to the case of vector multiplets, the scalars
form 2nH SU(2)R-doublets, while the 2nH fermions are
SU(2)R-singlets.[35] In 2-component spinor notation, we
write the fermions as
ζA =
(
ζA1
ζA2
)
. (21)
If non-trivial isometries of MQ are gauged, they act on
the scalars as
δαq
X˜ = αIKX˜I (q), (22)
where the KX˜I are the Killing fields on the quaternionic
scalar manifold; and αI are the same local transformation
parameters as in the pure YMESGT sector. The susy
transformations for the scalars are
δqX˜ = −iǫ¯iζAf X˜iA. (23)
The 5D bosonic hypermultiplet Lagrangian (coupled to
a YMESGT) is
eˆ−1Lhyper = −1
2
gX˜Y˜DµˆqX˜DµqY˜ − 2g2Vi AV i A, (24)
where
V iA ≡
√
6
4
hIKX˜I f
A i
X˜
and the K-covariant derivative is
Dµq
X˜ ≡ DµqX˜ + gAIµˆKX˜I (q),
where Dµ is the covariant derivative associated with the
tangent space Lorentz and USp(2nH) × SU(2) connec-
tions. The dimensional reduction of the bosonic La-
grangian is straightforward and will not be quoted.
Boundary propagating multiplets
Half of the hypermultiplet field content is required to
have odd parity; therefore, let’s split the index X˜ =
(X,χ), with X = 1, . . . , 2nH and χ = 2nH + 1, . . . , 4nH .
We let qX be the even parity fields, and qχ the odd
fields. Similarly, we spit the index A = (n, n˜) with
n = 1, . . . , nH and n˜ = nH + 1, . . . , 2nH . If we cou-
ple hypermultiplets in the quaternionic-dimensional rep-
resentation RH [K] of the gauge group to a 5D YMESGT,
the multiplets with boundary propagating modes will be
Multiplet Representation Type
{ζn1 , qX1} RH [Kα] R or C
{ζn˜2 , qX2} RH [Kα] R or C
where we have further split X = (X1, X2) with X1 =
1, . . . , nH and X2 = nH + 1, . . . , 2nH . We get a left-
chiral multiplet and its CPT conjugate. Here RH [Kα] is
the decomposition of RH [K] under the group Kα ⊂ K,
and is the real-dimensional representation (see appendix
A for conventions).
Example
Consider the “unified” MESGT with SU(5, 1) global
symmetry group [18, 19], whose vector fields are in
1-1 correspondence with the traceless elements of the
Lorentzian Jordan algebra JC(1,5) [18]. The theory is “uni-
fied” in the sense that all of the vector fields of the
5D theory (including the bare graviphoton) furnish the
adj[SU(5, 1)]. The CIJK tensor is a rank-3 symmetric in-
variant of the global symmetry group, so its components
are proportional to the d-symbols of SU(5, 1).
As in [19], we can now couple hypermultiplets whose
scalars parametrize the quaternionic manifold
MQ = E7
SO(12)× SU(2) (25)
to the MESGT based on JC(1,5), gauging the common
SU(5, 1) subgroup. Then the five-dimensional ground
state would have at most an SU(5)× U(1) gauge group
coupled to hypermultiplets in the 1 ⊕ 5 ⊕ 10. We may
then make parity assignments by associating each type
of index with an SU(5) representation:
α a 0 n n˜
adj[SM ] SU(5)/SM ⊕ 5⊕ 5¯ 1 1⊕ 5¯⊕ 10 c.c.
The 4D low energy effective theory of each boundary will
have an N = 1 supergravity multiplet; SM gauge mul-
tiplets; weak doublet and color triplet chiral multiplets
both with a scalar potential; and left-chiral matter mul-
tiplets (including a sterile fermion multiplet) along with
their right-chiral conjugates. There are also the generic
singlet left- and right-chiral multiplets coming from the
5D supergravity multiplet, as well as chiral multiplets in
the symmetric space SU(5)/SM .
Remark:
At least within the category of homogeneous quaternionic
manifolds, all occurences of hypermultiplets in the 5 and
10 of SU(5) come from spaces admitting an SO(10)
isotropy subgroup under which these N = 2 hypermulti-
plets join a singlet to form the 16 (see [19]). In the pre-
vious example, we made a choice to truncate the N = 1
left-chiral multiplets in the 16 of SO(10) (and their right-
chiral conjugates in the 16).
7C. Tensor multiplet couplings
When a MESGT with nV abelian vector multiplets is
gauged, the symmetry group of the Lagrangian is broken
to the gauge group K ⊂ G. The nV + 1 vector fields
decompose into K-reps
nV + 1 = adj(K)⊕ non-singlets(K)⊕ singlets(K).
Such a gauging requires the non-singlet vector fields to
be dualized to anti-symmetric tensor fields [20] satisfy-
ing a field equation that serves as a “self-duality” con-
straint [21] (thus keeping the number of degrees of free-
dom the same):
BMµν = c
M
N ǫ
ρσλ
µν ∂[ρB
N
σλ] + · · · , (26)
where cMN has dimensions of inverse mass; square brackets
denote anti-symmetric permutations; and ellipses denote
terms involving other fields. A tensor field does not re-
quire an abelian invariance to remain massless.
We have already discussed the scalar sector of a pure
5D YMESGT. When tensor multiplets are coupled the
scalar manifold is again a real Riemannian space, but
which cannot be decomposed globally as a product of
“vector” and “tensor” parts. We can, of course, iden-
tify an orthogonal frame of scalars at each point of the
manifold: the vector multiplets are associated with the
combination hIx˜φ
x˜ at a given point, while the tensor mul-
tiplets are associated with the independent combination
hMx˜ φ
x˜. Similarly, the combination of fermions hIp˜λ
p˜ i are
associated with vector multiplets, while hMp˜ λ
p˜ i with ten-
sor multiplets. We will write φx˜ and φm˜ to denote the
scalar partners of the vector and tensors, respectively,
at any given point of the scalar manifold. Similarly, we
write λp˜ i and λℓ˜ i as the fermionic partners of the vec-
tor and tensor fields, respectively. It is then implicitly
understood that the meaning of this notation is given by
the above discussion.
When tensors are present, we will use indices I, J,K for
5D vector fields and M,N,P for 5D tensor fields. Then
nT tensor multiplets are
{BMµˆνˆ , λℓ˜ i, φm˜}.
To be consistent with the gauge symmetry, the compo-
nents of the C-tensor are constrained to be [20]:
CIMN =
√
6
2
ΩNPΛ
P
IM
CMNP = 0, CMIJ = 0,
(27)
where ΩNP is antisymmetric and Λ
P
IM are symplec-
tic K-representation matrices appearing in the K-
transformation of the tensor fields: δαB
M
µν = α
IΛMINB
N
µν .
Furthermore, CIJK must be a rank-three symmetric K-
invariant tensor. Note: We are assuming a compact or
non-semisimple gauge group K; see [22] for more general
couplings where CMIJ 6= 0.
The new or modified terms in the bosonic 5D La-
grangian involving are [20]
LT = − eˆ
4
◦
aMN B
M
µˆνˆ B
N µˆνˆ − eˆ
2
◦
aIM FIµˆνˆ BM µˆνˆ
+
1
4g
ǫµˆνˆρˆσˆλˆ ΩMNB
M
µˆνˆ ∇ρˆBNσˆλˆ
− e
2
gx˜y˜Dµˆφx˜Dµˆφy˜ + 1
2
√
6
CMNI ǫ
µˆνˆρˆσˆλˆBMµˆνˆ B
N
ρˆσˆ A
I
λˆ
,
where φx˜ are scalars in both vector and tensor multiplets,
and
Dµˆφx˜ = ∂µˆφx˜ +K x˜IAIµˆ,
with K x˜I the Killing vectors on the vector/tensor scalar
manifold. The 5D field equations for the BMµˆνˆ are (in
terms of forms)
⋆DBM = gΩMN
◦
aMI˜ HI˜ ,
where HI˜ =
(
FI
BM
)
.
(28)
The presence of non-trivially charged tensors also intro-
duces a scalar potential P (T ) that was not present in the
case of pure YMESGTs. The term in the Lagrangian
is [20]
LP (T ) = −2g2eˆW p˜W p˜,
where W p˜ = −
√
6
8
hp˜MΩ
MNhN .
(29)
Dimensional reduction
In the dimensional reduction, we parametrize the ten-
sor field as
BMµˆνˆ =
(
0 −A˜Mν
A˜Mµ B
M
µν
)
,
where tildes have been used to help distinguish from 4D
vectors arising as components of 5D vectors. The result-
ing Lagrangian containing both A˜Mµ and B
M
µν is analogous
to the 1st order formulation of the Freedman-Townsend
model [23]. One can obtain a 2nd order formulation in
terms of the A˜Mµ by using the Euler-Lagrange equations,
which appear as constraints relating these fields in the
dimensionally reduced theory. However, in the case of
dimensional reduction, there is an obstruction [24] to ob-
taining a local 2nd order Lagrangian in terms of the BMµν .
This will not be present in the case of the orbifold.
The ξ5 transformations of the dimensionally reduced
fields BMµν and A˜
M
µ are
δξ5B
M
µν = ∂µξ
5A˜Mν − ∂νξ5A˜Mµ
δξ5A˜
M
µ = 0.
(30)
8We must therefore make a field redefinition
BMµν → BMµν − 4C[µA˜Mν] (31)
so that the BMµν are now KK-invariant. The full di-
mensional reduction of tensor-coupled YMESTs is given
in [24]. The new or modified terms in the 5D bosonic
Lagrangian are
e−1L(4) = −e−2σ ◦aIM (DµAI)A˜µM − 1
2
e−2σ
◦
aMN A˜
M
µ A˜
µN
− 3
4
◦
aI˜J˜(Dµh˜I˜)(Dµh˜J˜ ) +
e−1
2
√
6
CMNIǫ
µνρσBMµνB
N
ρσA
I
+
e−1
g
ǫµνρσΩMNCµνA˜
M
ρ A˜
N
σ +
e−1
g
ǫµνρσΩMNB
M
µνDρA˜
N
σ
− 1
4
eσ
◦
aMNB
M
µνB
Nµν − 1
2
eσ
◦
aIM (FIµν + 2CµνAI)BMµν
− g2P,
(32)
where
DµA˜
M
ν ≡ ∂µA˜Nν + gAIµΛNIP A˜Pν (33)
Dµh˜I˜ ≡ ∂µh˜I˜ + gAIµM I˜IK˜ h˜K˜ . (34)
The total scalar potential, P , is now
P = 2e−σW p˜W p˜
+
3
4
e−3σ
◦
aI˜J˜(A
IM I˜
IK˜
hK˜)(AJM J˜
JL˜
hL˜),
(35)
where W p˜ is defined in eqn (29), and
M J˜
(I)K˜
=
(
fJIK 0
0 ΛNIM
)
, (36)
and I˜ = (I,M).
Parity assignments of tensor sector
Since (30) is only true for KK-transformations con-
nected to the identity, the A˜Mµ are not necessarily even
under Z2 action. However, the above do lead to the con-
straint
P (A˜Mµ ) = −P (BMµν),
componentwise. These two fields do not describe inde-
pendent propagating degrees of freedom since they are
related by a constraint equation (coming from the fact
that the 5D tensors satisfied a “self-duality” field equa-
tion (26) reducing the number of propagating modes):
BMµν = c
M
N (
⋆DA˜N )µν + · · · , (37)
where cMN is proportional to Ω
MP ◦aPN ; ⋆ is the Hodge op-
erator; and the dots indicate terms involving other fields.
There are two classes of assignments we can make, char-
acterized by the parity of the symplectic form ΩMN on
the vector space spanned by the 5D tensors.
1. Odd Parity ΩMN
If the self-duality relation is used to express all tensor
fields in terms of the vectors A˜Mµ , the mass of the A˜
M
µ
is non-vanishing at the orbifold fixed points. However,
there are insufficient fermionic degrees of freedom to form
massive N = 1 vector multiplets. Therefore, we must
use the Euler-Lagrange equations to write A˜Mµ → BMµν .
There is an obstruction to doing this with the dimen-
sionally reduced 1st order Lagrangian obtained by using
KK-invariant field redefinitions [24], in particular due to
the topological term of the form ΩMNCµνA˜
M
µ A˜
N
ν , but
the problem is avoided in the orbifold theory since the
obstruction vanishes on the 4D fixed planes.
Once the 2nd order Lagrangian with tensors is ob-
tained, the BMµν can then be Hodge dualized to scalars
BM by adding a term of the form
e−1∆L = ǫµνρσΩMNBMµνρDσBN (38)
to the Lagrangian (if this step is performed before inte-
grating over the fifth dimension, one needs a δ(x5) fac-
tor), where Dρ is the gauge covariant derivative acting
on the scalars, and BMµνρ = 3! ∂[µBMνρ].
The multiplets that will propagate on the fixed planes
are
Multiplet Representation Type
{λ¯ℓ i, zM} N⊕N R
That is, there are left-chiral multiplets in a real represen-
tation along with the CPT conjugate right-chiral multi-
plets.
Example
Consider the “unified” 5D MESGT based on the
Lorentzian Jordan algebra JC(1,5), whose global symme-
try group is SU(5, 1) [18]. We can couple this the-
ory to hypermultiplets whose scalars parametrize the
particular scalar manifold (25). If we gauge the com-
mon SU(5) × U(1) ⊂ SU(5, 1) subgroup, we will get
SU(5)×U(1) gauge multiplets, along with tensor multi-
plets in the 5⊕ 5¯ and hypermultiplets in the 1⊕ 5⊕ 10.
This is then similar to the ground state theory in the
SU(5, 1) gauging example before, but with some impor-
tant differences; one of which being that the 5D bare
graviphoton A0µˆ does not take part in gauging the isome-
tries of the scalar manifold. We can make the assign-
ments
α a 0 M n n˜
adj[SM × U(1)] SU(5)/SM 1 5⊕ 5¯ 1⊕ 5¯⊕ 10 c.c.
The propagating modes along the fixed planes will be
SU(3)×SU(2)×U(1)2 gauge fields; weak doublet (Higgs)
chiral multiplets; color triplet chiral multiplets; and left-
chiral matter multiplets (including a sterile fermion mul-
tiplet) with their CPT conjugates. Again, there is also
the generic singlet spin-1/2 multiplet coming from the
5D supergravity multiplet, and chiral multiplets in the
9symmetric space SU(5)/SM . All of these multiplets are
tree-level massless, while the scalars in the 5⊕ 5¯ have a
potential term.
2. Even Parity for ΩMN
If ΩMN has even parity, then the Z2 action acts re-
ducibly on the symplectic vector space and projects out
half of the bosonic fields. Consistency with supersymme-
try requires that we use the field equation (37) to elimi-
nate BMµν from the Lagrangian. Splitting M = (M,M¯)
with M = 1, . . . , nT /2 and M¯ = nT /2, . . . , nT , the A˜Mµ
then have a mass matrix
MMN ≡ e−2σ ◦aMN .
Therefore, the nT /2 vectors, nT spin-1/2 fields, and nT /2
scalars form nT /2 massive N = 1 vector multiplets.
The multiplets with propagating modes on the bound-
aries are
Multiplet Representation Type
{AM, λℓ¯ i, hM} NR R
The notation for the representation means that the gauge
group at the fixed points must support a real N (whereas
the 5D gauge group had to support a complex N). Let’s
illustrate this with an example.
Example
The minimal example in which one is left with a group
containing SM is where the 5D gauge group is SU(10)×
U(1). Starting with the “unified” MESGT defined by
the Lorentzian Jordan algebra JC(1,10) and with SU(N, 1)
global symmetry of the Lagrangian, we can gauge the
SU(10) × U(1) subgroup, yielding tensors in the 10 ⊕
10. If the symplectic form has even parity, then the
orbifold conditions require the group to be broken to at
least SO(10)×U(1), under which we have massive vector
multiplets in the (real) 10. This theory will appear as a
ground state of the 4D N = 1 theory with gauge group
(SO(10) × U(1)) ⋉ T 10, analogous to the N = 2 case
discussed in [24]. There are also chiral multiplets from
the broken gauge multiplets forming the 54, along with
their CPT conjugates.
IV. OBJECTS OTHER THAN FIELDS
There are field-dependent and independent objects
that appear in the Lagrangian and supersymmetry trans-
formations that carry Z2 parity. In particular, the field
independent objects are the CIJK tensor defining the
MESGT that exists prior to gauging; the structure con-
stants f IJK and transformation parameters α
I(x) of the
5D gauge group; and the symplectic tensor ΩMN and
transformation matrices ΛMIN in the tensor coupled the-
ory. These contain an implicit ǫ(x5) or κ(x5) factor when
assigned odd parity. The field dependent objects are the
restricted ambient space metric
◦
aIJ (φ) and scalar mani-
fold metrics gxy(φ) and gXY (q); the h
I
p(φ); the scalar viel-
bein fpx(φ) and f
X
iA(q); the Killing vectors on the scalar
manifold KIx(φ) and K
I
X(q). These vanish when assigned
odd parity due to the form of the bosonic field expansion
in eqn (1).
Pure YMESGT
In [14], it was shown that the CIJK defining a MESGT
may be put in a “canonical” basis satisfying the positiv-
ity of V = CIJKζIζJζK (see (5)). The parity assign-
ments of the components are determined by requiring the
polynomial V to be invariant under Z2 action. Splitting
i = (α, a), we have
Even Odd
C000 C0ab C0αβ Cabc Caαβ C0aα Cαβγ Cαab
There is freedom in choosing ǫ(x5) or κ(x5) as the jump-
ing function for odd components.
Consistency of the infinitesimal gauge transforma-
tions (6) require parity assignments for the f IJK and
αI(x) to be
Even Odd
fαβγ f
α
ab f
a
bc f
a
αβ
f0aβ f
0
α0 f
0
αβ
αβ α0 αb
where f IJK vanishes if any of the indices correspond to 5D
spectator vector fields [36]; and permutations of the in-
dices have the same parity. The (upstairs picture) gauge
transformation parameters are subject to an expansion
on S1/Z2 just as in (1). Consistency of the 5D gauge
algebra requires that odd f IJK be redefined by ǫ(x
5)f IJK ,
where the f IJK are now even [37].
The components of the restricted ambient space metric
and scalar manifold metric have parities determined by
the requirement that the line elements of those spaces be
preserved:
Even Odd
◦
aαβ
◦
aab
◦
aaβ
◦
a0α
◦
a00
◦
a0a
gxy gχψ gχy
Consistency of the gauge transformations (6) determine
the parities of the scalar manifold Killing fields:
Even Odd
Kxα K
x
0 K
x
a
Kχ0 K
χ
a K
χ
α
The non-zero components Kχa , which are a set of sections
of the normal bundle over the 4D scalar manifold, deter-
mine the form of the scalar potential involving the φx
and Aa at the fixed points:
gχψK
χ
a K
ψ
b A
aAb, (39)
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where gχψ is the metric determined by the normal bundle
connection.
Finally, the functions hI and hIp; the scalar vielbein f
p
x ;
and the functions hIx = h
I
pf
p
x are required to satisfy
Even Odd
h0 ha hα
h0p h
a
p h
α
ρ h
a
ρ h
α
p
fpx f
ρ
χ f
p
χ f
ρ
x
h0x h
a
x h
α
χ h
a
χ h
α
x
Tensor couplings
In the tensor-coupled theory, parity assignments de-
pend on the parity of the symplectic form ΩMN . The
parities of the additional C-tensor components must be
Even Odd
CMN¯α CMNα CM¯N¯α
CMNa CM¯N¯a CMN¯a
P (ΩMN ) = +ΩMN
Even Odd
CMNa CMNα
P (ΩMN ) = −ΩMN
Consistency of the gauge transformations require the rep-
resentation matrices to satisfy
Even Odd
ΛMαN Λ
M¯
α N¯
ΛM¯αN Λ
M
α N¯
ΛM¯0N Λ
M
0 N¯
ΛM¯
0 N¯
ΛM0N
ΛM¯aN Λ
M
a N¯
ΛM¯
a N¯
ΛMaN
P (ΩMN ) = +ΩMN
Even Odd
ΛMαN Λ
M
0N Λ
M
aN
P (ΩMN ) = −ΩMN
If odd gauge transformation parameters αa are expanded
as in eqn (1), odd ΛMIN → ǫ(x5)ΛMIN for consistency of
the gauge algebra; the relation CMNI ∝ ΩMPΛPIN from
eqn (27) then requires odd CIMN → ǫ(x5)CIMN . Note
that when ΩMN has odd parity, the set of coefficients
cMN ∼ ΩMP
◦
aPN are odd; a choice that was made in [10].
As in the pure YMESGT case, the ambient space and
scalar manifold line elements should be preserved under
the Z2 action so that
Even Odd
◦
aMN
◦
aM¯N¯
◦
aMN¯
◦
aM¯α
◦
aMa
◦
aMα
◦
aM¯a
gx˜y˜ gmn gx˜m
P (ΩMN ) = +ΩMN
Even Odd
◦
aaM
◦
aαM
gx˜y˜ gmn gx˜m
P (ΩMN ) = −ΩMN
Finally, the functions hM (φ) and hMℓ ; the vielbein f
ℓ
m;
and the functions hIx = f
ℓ
xh
I
ℓ satisfy
Even Odd
hM(φ) hM¯(φ)
hMm h
M¯
m¯ h
M
m¯ h
M¯
m
hMℓ h
M˜
ℓ¯
hM˜ℓ h
M
ℓ¯
P (ΩMN ) = +ΩMN
Even Odd
hM (φ)
hMm
hMℓ h
M
ℓ¯
P (ΩMN ) = −ΩMN
where we have split ℓ˜ = (ℓ, ℓ¯) and m˜ = (m, m¯).
Hypermultiplet couplings
The parity assigments for the Killing vectors and viel-
bein of the quaternionic scalar manifold are required to
be
Even Odd
KX1α K
X2
a K
X1
a K
X2
α
fX11A1 f
X1
2A2
fX12A1 f
X1
1A2
fX22A1 f
X2
1A2
fX21A1 f
X2
2A2
V. PARITY ASSIGNMENTS OF THE SCALAR
SECTOR
In the previous sections, we listed the boundary mul-
tiplets by “orbifolding” 5D YMESGTs coupled to ten-
sor multiplets. It’s clear, for example, that 5D vector
multiplets should yield 4D boundary vector multiplets
when the associated scalar manifold embedding functions
hI(φ) are assigned odd parity, so that the parities of the
hI induce parity assignments for the physical scalars φx˜.
However, it is not immediately clear how the assignments
are transmitted from one to the other. That is, how are
the physical scalars truncated in light of the fact that the
‘odd’ scalar partners of the ‘even’ vectorsAαµˆ are the com-
binations 〈hαx˜ 〉φx˜, where hαx˜ ∝ hα, x˜. We will consider this
using two examples based on symmetric “very special”
real scalar manifolds.
The first example is of the “generic Jordan” family of
Maxwell-Einstein supergravity theories (MESGTs) with
symmetric scalar manifolds of the form [14]
MR = SO(1, 1)× SO(nV − 1, 1)
SO(nV − 1) ,
where nV is the number of vector multiplets. The cubic
polynomial for the theory in the absence of an orbifold is
V = CIJKξIξJξK , where
C000 = 1, C00i = 0, C0ij = −1
2
δij ,
C111 =
1√
2
, C1ab = +
1√
2
δab,
with a, b = 2, . . . , nV . On M4 × S1/Z2, the CIJK
can have odd components satisfying jumping conditions,
though we take h0 to always have even parity.
For example, assigning odd parity to h1 and C1ij (and
redefining C1ij → ǫ(x5)C1ij), the polynomial is
V =
(
2
3
) 3
2
[
(ξ0)3 − 3
2
ξ0δijξ
iξj − ǫ(x
5)√
2
(ξ1)3
+
3ǫ(x5)√
2
ξ1[(ξ2)2 + · · ·+ (ξnV )2]
]
.
Restricting to the scalar hypersurface V = 1, the terms
with h1 ≡ ξ1|V=1 vanish (since h1 is a parity-odd function
11
of scalars) so that, at the orbifold fixed points,
V|fp = h0
{
(h0)2 − 3
2
δabh
ahb
}
.
Remark: In general, 4D N = 1 supergravity theories
are in 1-1 correspondence with Hodge manifolds. The 4D
N = 1 supergravity theory we obtain from orbifolding is
of a special class based on a (not necessarily irreducible)
cubic polynomial satisfying Vfp(Im(z)) = e3σ > 0.
In the family of ‘generic Jordan’ MESGTs, however,
the solution to the condition V = 1 is simplest by making
linear transformations ξˇI = M IJξ
J to a ‘non-canonical’
basis [26] (before orbifolding the theory):
M00 =
1√
3
, M01 = −
√
2
3
M10 =
√
2
3
, M11 =
1√
3
M ı = δ

ı ,
where ı,  = 2, . . . , nV ; and all other M
I
J are zero. The
solution is then
V = 3
3/2
2
hˇ0||hˇ||2 = 1
hˇ0 =
1√
3||φ||2 , hˇ
i =
√
2
3
φi,
where i = 1, . . . , nV and ||A|| denotes the Minkowski
norm with signature (+− · · · −). In this basis, assigning
odd parity to the hα is equivalent to assigning odd parity
to the φα, and truncation of the scalar 〈hαx˜ 〉φx˜ is obtained
by 〈φα〉 = 0.
Let’s contrast this with another example: the “generic
non-Jordan” family [14] of MESGTs with cubic polyno-
mial
V =
√
2ξˇ0(ξˇ1)2 − ξˇ1
∑

(ξˇ )2,
with solution to V = 1 [26]:
hˇ0 =
1√
3(φ1)2
+
1√
3
φ1
∑

(φ )2
hˇ1 = (2/3)
3
2 φ1
hˇ = (2/3)
3
2 φ1φ 
where  = 2, . . . , nV and hˇ
I is not in the canonical basis.
Remarks
(i) The above solution requires that hˇ0 and hˇ1 must have
the same parity.
(ii) The truncation of scalars hαx˜φ
x˜ still corresponds to
the truncation φα = 0.
The first remark tells us that assigning parities consis-
tently in a given YMESGT requires a choice of basis ξI ,
and the solution to the condition V = 1. As for the sec-
ond remark, the requirement that the scalar combination〈
hˇαx˜
〉
φx˜ be odd, and so vanish at the orbifold fixed points,
allows for a continuous family of vacua parametrized by
the scalar vevs. For example, if A2µ has even parity, then
hˇ2x˜φ
x˜ must have odd parity so that there is a family
of vacua with the direction normal to the flows being〈
φ1
〉
∂φ2 +
〈
φ2
〉
∂φ1 (this is the direction in which the
propagating scalar is truncated). However, as hˇ2 must
also be odd, this requires φ2 to be odd so that it vanishes
at the orbifold fixed points. The point is that the theory
is simply restricted to
〈
φ2
〉
= 0 vacua, connected to the
basepoint hˇI = (1, 0, . . . , 0) of the original 5D theory.
We now turn briefly to the implications of odd parity
assignments for the hI . Once we assign odd parities to
a set ξα, these must vanish on the fixed planes in a ba-
sis independent way (as well as hα ∝ ξα|V=1). For this
to be true, the theory must lie on the boundary of the
classical Ka¨hler cone, so that a consistent formulation of
supergravity requires additional massless states located
at the fixed points. These, in turn, admit a higher dimen-
sional interpretation as 11D supergravity [27] membranes
wrapping collapsing Calabi-Yau 2-cycles [28]. The con-
struction of consistent minimal (N = 2) five-dimensional
supergravity on the extended Ka¨hler cone was studied
in [29]; but in the present case, the theory on the fixed
planes is 4D N = 1, which is a less restrictive framework
to work with. In addition, the quantum Ka¨hler cone is
generally different from the classical one [30]. Therefore,
the determination of these additional massless states is
outside the scope of the present paper. We end by noting
that, due to the collapsing 2-cycles, the dual CY 4-cycles
may collapse to 2- or 0-cycles; this is encoded in the
functions hI = CIJKh
JhK , which are rescaled 4-cycle
volumes. Therefore, the choice of jumping function for
odd CIJK determines whether the 4-cycle collapses com-
pletely, and one must choose appropriately.
VI. EXTENSION TO Γ = Z2 × Z2
There are a couple of phenomenological issues that
make the S1/Z2 orbifold models too simplistic. First,
there are always massless chiral multiplets in real repre-
sentations when a gauge group is broken at the orbifold
fixed planes (though these may contain MSSM Higgs
fields). Second, all chiral multiplets come in complete
representations of the 5D gauge group, which can lead
to unwanted fields charged under the Standard Model
gauge group. The boundary conditions described by an
S1/(Z2 × Z2) [31] construction are for the most part ca-
pable of resolving these issues.
An exception is the tensor sector: although there is
a choice in assignment of parity for the symplectic form
ΩMN , we cannot assign (+−) parity under Z2×Z2 action
(it leads to inconsistencies in assignments for the fields).
Furthermore, given a choice of ΩMN parity, there wasn’t
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a choice of parity assignments in the Γ = Z2 case since
supersymmetry dictated the results. Therefore, the sit-
uation with tensors is no different in the S1/(Z2 × Z2)
construction. This means that, e.g., tensor multiplets do
not allow a doublet-triplet resolution via parity assign-
ments (see the example in section III).
An expansion of a field Φ(x, x5) on S1/(Z2 × Z2) will
be of the form
Φ(++)(x, x5) =
∑
n
Φ(n)(x) cos
[
2nx5/R
]
Φ(+−)(x, x5) =
∑
n
Φ(n)(x)(A(n) cos
[
(2n+ 1)x5/R
]
+ · · ·
Φ(−+)(x, x5) =
∑
n
Φ(n)(x)(C(n) sin
[
(2n+ 1)x5/R
]
+ · · ·
Φ(−−)(x, x5) =
∑
n
Φ(n)(x)(E(n) sin
[
2nx5/R
]
+ · · · ,
where ellipses denote terms with ǫ(x5) factors as in
eqn (1), with expansion constants B(n), D(n), F(n), re-
spectively. Once again, bosonic fields cannot have ǫ fac-
tors since the upstairs picture Lagrangian and equations
of motion would involve δ2, where δ is the Dirac distri-
bution. For those, we must set B(n) = D(n) = F(n) = 0.
Therefore, bosonic Φ(+−)(x, x5) vanish at x5 = 0 and
bosonic Φ(−+)(x, x5) vanish at x5 = πR/2; fermionic
fields are not generally well-defined on the orbifold fixed
planes. Let P (Φ) be the parity of Φ under the first Z2
factor, and P ′(Φ) denote the parity under the second
factor. Taking the covering space to be [−πR, πR] (with
{−πR} ≡ {πR}) as before, the orbifold now has fixed
points at {0}, {πR/2}.
A. Vector sector
In the previous sections, we made an index split for
quantities with ±1 parity under the single Z2. We will
make a further index splitting for quantities with the four
possible values {±1,±1} for the parity {P (Φ), P ′(Φ)}:
i = (α, α′, a, a′) p˜ = (ρ, ρ′, p, p′).
A given assignment of Z2 × Z2 parity to an object will
consist of the union of two assignments in the S1/Z2
construction. Fields from the 5D vector multiplets will
have the following assignments:
++ +− −+ −−
Aαµ A
α′
µ A
a
µ A
a′
µ
Aa
′
Aa Aα
′
Aα
ha
′
ha hα
′
hα
δρ δρ
′
δp δp
′
γp
′
γp γρ
′
γρ
Note: the bare graviphoton A0µ always has (−−) parity
(so A0 has (++) parity). The range of ℘1, ℘2, and ℘3 in
α = 1, . . . , ℘1; α
′ = ℘1 + 1, . . . , ℘2; a = ℘2 + 1, . . . , ℘3;
and a′ = ℘3 + 1, . . . , nV , are arbitrary.
The fields with (+−) or (−+) eigenvalues have massive
n = 0 modes on the fixed planes for the same reason that
any Kaluza-Klein field does: there is excitation in the x5
direction. In the low energy effective theory, such fields
will fall into massive N = 1 multiplets in four dimensions
due to terms in the Lagrangian with ∂5Φ
+− or ∂5Φ
−+.
In contrast to the S1/Z2 construction, we can now
choose to make massive multiplets out of unwanted light
chiral multiplets in real representations by choosing there
to be no a′, p′ indices. Alternatively, we can keep a sub-
set of those massless chiral multiplets (in a real repre-
sentation) such that they no longer furnish complete K-
representations. The multiplets with propagating modes
on the boundaries and their properties are listed be-
low (we have decomposed the representation RV [K] =
adj[Kα]⊕R1V [Kα]⊕R2V [Kα]⊕R3V [Kα]):
Multiplet Representation Type Boundary Mass
{Aαµ, λρ i} adj[Kα] Real Both Massless
{λ¯p′ i, za′} R1V [Kα] Real Both Potential
{Ψi5, z0} Kα-singlet Real Both Massless
{Aα′µ , λρ
′ i} R2V [Kα] Real y = 0 O(1/R)
{λ¯p i, za} R3V [Kα] Real y = 0 O(1/R)
{Aaµ, λp i} R3V [Kα] Real y = πR O(1/R)
{λ¯ρ′ i, zα′} R2V [Kα] Real y = πR O(1/R)
Example
Let’s revisit the SU(5, 1) example based on the
Lorentzian Jordan algebra JC(1,5). We can obtain chiral
multiplets (with a scalar potential) in the (1,2)⊕ (1, 2¯)
of SU(3) × SU(2) × U(1) (along with a spin-1/2 gauge
singlet multiplet). Let the indices correspond to:
I α a′ α′ 0
SU(5, 1) SM (1, 2)⊕ (1, 2¯) (3, 1)⊕ (3¯, 1) (1,1)
Gauge ⊕(3, 2)⊕ (3¯, 2)
The Aαµ correspond to Standard Model gauge fields
propagating on both fixed planes; the remaining vec-
tor fields either sit in massive multiplets, or are sim-
ply projected out. In particular, we take the Aα
′
µ to
be the (3, 2) ⊕ (3¯, 2) vectors (X, Y bosons) and color
triplet vectors (3, 1)⊕(3¯, 1), which will propagate in mas-
sive supermultiplets in the effective theory of the y = 0
plane. This implies that massive spin-1/2 multiplets in
the [(3, 2)⊕ (3, 1)]⊕ [c.c.] will propagate in the effective
theory of the y = πR plane. Next, let the Aa
′
µ denote
the vectors in the (1, 2) ⊕ (1, 2¯), which means there will
be chiral multiplets in this representation at both fixed
planes (with scalar potential terms). Finally, we get con-
jugate pairs of massless chiral gauge singlet multiplets
from the 5D supergravity multiplet. There are no fields
with index a in this example.
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B. Hypermultiplet sector
So far, we have not been able to obtain massless chi-
ral multiplets in complex representations of the bound-
ary gauge group. Once again, the only way to do this
(starting only from a 5D bulk theory) is to couple 5D
hypermultiplets. We can make an index split as in the
previous cases:
X˜ = (X,X ′,Ω,Ω′) A = (n, n′, n˜, n˜′),
where the fields have the following parity assignments
under Z2 × Z2:
++ +− −+ −−
qX qX
′
qΩ qΩ
′
ξn1 ξ
n′
1 ξ
n˜
1 ξ
n˜′
1
ξn˜2 ξ
n˜′
2 ξ
n
2 ξ
n′
2
The fields with (+−) and (−+) eigenvalues have massive
n = 0 modes, and so should fall into massive spin-1/2
multiplets. Therefore, the indices n and n˜ are required
to be in 1-1 correspondence as are the indices n′ and n˜′.
However, there is no constraint between unprimed and
primed indices, and each pair has an arbitrary range. If
K is the 5D gauge group, and Kα is the boundary gauge
group, the Kα-representations of the massless chiral mul-
tiplets at the boundaries no longer need to form complete
K-representations.
The multiplets with boundary propagating modes are
listed below, along with some of their properties. Start
with nH 5D hypermultiplets in the RH [K] of the 5D
gauge group K. Let the gauge group at the orbifold
fixed points be Kα so that under this group, the RH [K]
decomposes into the representation
RH [Kα] = R
1
H [Kα]⊕R2H [Kα],
where the indices 1 and 2 denote the splitting of X˜
into (X,X ′). At the fixed points, the hypermulti-
plets split into chiral multiplets with indices split into
(X,Ω′;X ′,Ω), and are in the representations RiH [Kα] or
RiH [Kα]⊕R
i
H [Kα]:
Multiplet Representation Type Boundary Mass
{ξn, qX1} R1H [Kα] R or C Both Potential
{ξn˜, qX2} R1H [Kα] R or C Both Potential
{ξA′ , qX′} R2H [Kα]⊕ c.c. R y = 0 O(1/R)
{ξA′ , qΩ} R2H [Kα]⊕ c.c. R y = πR O(1/R)
We have split X = (X1, X2) such that X1 = 1, . . . , nH
and X2 = nH + 1, . . . , 2nH . Also, A
′ = (n′, n˜′) is a
USp(2m) index.
Example
Consider the SU(5) YMESGT with CIJK as in (5)
(where Cijk are the d-symbols of SU(5)), coupled to the
minimal amount of Higgs and matter content in the bulk.
This can be realized by coupling the YMESGT to hy-
permultiplets whose scalars parametrize the quaternionic
manifold [38]
MQ = SU(27n, 2)
SU(27n)× SU(2)× U(1) ,
resulting in a coupling of n sets of hypermultiplets in the
1⊕ 3(5)⊕ 10 of SU(5) [19].
Suppose we are going to break SU(5) → SU(3) ×
SU(2) × U(1); focussing on the hypermultiplet sector,
we can make the following assignments
n n˜ n′ n˜′
Matter ⊕ (1, 2)⊕ (1, 2¯) c.c. (3, 1)⊕ (3¯, 1) c.c.
This will result in a low energy theory at both boundaries
with Standard Model chiral matter multiplets; a pair of
left-chiral Higgs doublets and their CPT conjugates; and
a pair of massive spin-1/2 color triplet multiplets, all at
both boundaries.
VII. CONCLUSION
We have found parity assignments for fields and other
objects in five-dimensional Yang-Mills-Einstein super-
gravity coupled to tensor and hypermultiplets on M4 ×
S1/Γ, allowing for general gauge symmetry breaking. We
have used the dimensionally reduced Lagrangians, trun-
cating our attention to the zero mode sector of the the-
ory, though the parity assignments are true for the full
supergravity theory.
For Γ = Z2, the generic result is that bulk gauge mul-
tiplets for a group K in the bulk yield boundary gauge
multiplets for the remaining group Kα, and chiral multi-
plets in K/Kα forming a real representation of Kα; bulk
hypermultiplets yield chiral multiplets on the boundary
forming either real or complex Kα-reps; and bulk ten-
sor multiplets may yield either chiral multiplets in real
Kα-reps or massive charged vector multiplets, depending
on the parity for the components of the associated sym-
plectic metric. The boundary theories involving massive
vector multiplets charged under Kα are the analogues of
the N = 2 dimensionally reduced theories in [24].
The extension to the case Γ = Z2 × Z2 allows
for light boundary chiral multiplets in incomplete K-
representations except those coming from 5D tensor mul-
tiplets. This is the usual mechanism for ‘doublet-triplet’
splitting in orbifold-GUTs.
A novel feature of supergravity theories is that one can
gauge a non-compact group. The vectors representing
the non-compact generators must be given odd parity,
yielding a 4D compact gauge group and chiral multiplets
in real representations.
While not examined here, the classical scalar poten-
tial on the boundaries can be determined from the form
of the parity assignments and the dimensionally reduced
Lagrangians, which are available in the literature quoted.
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There is a positive-definite contribution from the 5D pure
YMESGT and tensor sector, while hypermultiplet cou-
plings can contribute negative scalar potential terms.
The potentials from compact and non-compact gauge
multiplets are distinct. The overall potential can then
be analyzed for groundstates spontaneously breaking su-
persymmetry or electroweak symmetry.
Although boundary-localized fields are not presumed,
assigning even parity to 4D N = 1 vector multiplets re-
quires the moduli space of the boundary theory to lie
on the boundary of the clasical Ka¨hler cone. Therefore,
a consistent supergravity description requires boundary-
localized fields to be added, which in a compactified 11D
supergravity description correspond to membrane states
that become massless when wrapping collapsed Calabi-
Yau 2-cycles (the collapse occuring over the fixed points
of the effective 5D theory). In particular, gauge symme-
try enhancement may occur at these points.
VIII. FUTURE DIRECTIONS
We will examine some issues regarding symmetries,
anomalies, and the presence of the singlet scalars appear-
ing in the orbifold theory. There is always a QCD-type
axion present in 5D supergravity on S1/Γ, and we will
describe the form of the couplings.
Now that parities of various objects appearing in su-
pergravity have been listed, one can examine the terms
in the Lagrangian, including ∂5Φ terms and some of the
fermion interactions that were mostly neglected here. In
the upstairs picture, as in the case of simple supergrav-
ity [8], this will result in a bulk Lagrangian along with
terms supported only at the orbifold fixed points. In the
downstairs picture, this simply corresponds to a 5D La-
grangian with boundary conditions on the fields. This
will allow us to examine the supersymmetry transforma-
tion laws for the fields in the presence of orbifold fixed
points, which will lead to a study of global solutions to
the Killing spinor equations. Much work has been done
using such an analysis in the case of gauged simple su-
pergravity (see e.g. [8] and references therein), mostly in
the context of braneworld scenarios.
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Appendices
APPENDIX A: NOTATION AND CONVENTIONS
We use the following notation for representations of
Lie groups. Consider a set of m 5D N = 2 hyper-
multiplets, which contain 4m real scalars that form the
(m⊕ m¯)⊕ (m⊕ m¯) of a group G (assuming that we are
not dealing with pseudoreal representations), where the
dimension of the representation is real. Since the scalars
form m quaternions, the representation can be written
as mH. We will simply say that the m hypermultiplets
are in the m of G, dropping the subscript. On the other
hand, consider n 4D N = 1 left-chiral multiplets in the
n of G and their n right-chiral conjugate partners in the
complex conjugate n¯ of G, where again we use the real
dimension of the representation. If the chiral multiplets
all combine with their conjugates to form massive spin-
1/2 multiplets, we will use the complex dimension nC
and simply say the spin-1/2 multiplets are in the n of G,
dropping the subscript.
We use the signature ηmn = diag(−,+,+,+,+). For
gamma matrices, we take
Γµ =
(
0 σm
−σm 0
)
Γ5 =
(
i 0
0 −i
)
where σm are the spacetime Pauli matrices, and m is a
flat spacetime index. The charge conjugation matrix is
taken to be
C =
(
e 0
0 −e
)
where e =
(
0 −1
1 0
)
.
The charge conjugation matrix therefore satisfies
CT = −C = C−1 and CΓmC−1 = (Γm)T .
In five spacetime dimensions, there are a minimum
of eight supercharges; since there is a global SU(2)R
symmetry, it is convenient to use symplectic-Majorana
spinors, which form an explicit SU(2)R doublet. Given a
4-component spinor λ, the Dirac conjugate is defined by
λ¯i = (λi)
†Γ0,
where i is an SU(2)R index, which is raised and lowered
according to
λi = ǫijλj , λj = λ
iǫij ,
with ǫ12 = ǫ
12 = 1. Then a symplectic-Majorana spinor
is one that satisfies
λ¯i = λi TC.
We will take the following form for our Majorana spinors
showing the 2-component spinor content:
λ1 =
(
ξ
eζ∗
)
λ2 =
(
ζ
−eξ∗
)
.
APPENDIX B: PARITY ASSIGNMENTS FOR
FERMIONIC FIELDS
The parity assignments for the components of the sym-
plectic Majorana spinors in eqn (3) and (21) are listed
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here. Some symplectic pairs λ1, λ2 become left/right chi-
ral spinors on the spacetime boundaries, while others
denoted in the paper as λ¯1, λ¯2 become right/left chiral
spinors.
Even Odd
αµ α
∗
µ βµ β
∗
µ
β5˙ β
∗
5˙
α5˙ α
∗
5˙
γp γp ∗ δp δp ∗
δρ δρ ∗ γρ γρ ∗
η η∗ ζ ζ∗
ζn1 ζ
n˜
2 ζ
n
2 ζ
n˜
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